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Abstract. For the general growth curve model {Y, X10X2, 0?(22 ®%1)} with X1, X2, 1 and %> of arbitrary
ranks, we study the following three problems:

(I) Necessary and sufficient conditions for the model to be consistent.
(II) Natural restrictions to the parameter matrix ©.
(III) Unbiasedness of linear estimators and estimability of parameter matrices.

Some generalizations of this work to the extended growth curve model {Y, Zle X1:0,Xs;, 0%(82 ® B1)} are
also given.

Mathematics Subject Classifications: 62F11, 62H12

Keywords: Growth curve model; consistency; natural restriction; unbiasedness; estimability; Moore-Penrose in-
verse; matrix equation; general solution; rank formula; OLSE; BLUE

1 Introduction

Throughout this paper, R™*™ stands for the collection of all m x n real matrices. The symbols A’

tr(A), r(A) and Z(A) stand for the transpose, the trace, the rank and the range (column space) of a

matrix A € R™*™ respectively. The Kronecker product of any two matrices A € R™*™ and B € RP*¢

is defined to be A ® B = (a;;B). The vec operation of the matrix A = [ay,...,a,] is defined to be

vec(A) = [al,...,al,]’. A well-known formula for the vec operation is vec(AXB) = (B’ ® A)vec(X).
Suppose we are given a growth curve model

Y =X,0X;, +¢&, E() =0, Cov[vec(e)] = 0*(B2 @ 1), (1.1)

or in the compact form
M ={Y,X10X,, 0%(B @ 21)}, (1.2)

where
Y = (y;;) € R™*™ is an observable random matrix (a longitudinal data set),
X1 = (z145) € R™*P and Xy = (x2;5) € R?*™ are two known model matrices of arbitrary ranks,
© = (0;;) € RP*? is a matrix of unknown parameters to be estimated,
Y1 = (0145) € R™*™ and Xy = (09;5) € R™*™ are two known nonnegative definite matrices,
o? is a positive unknown scalar.
If one of ¥ and ¥, is a singular matrix, (1.1) is also said to be a singular growth curve model.
Through the Kronecker product and the vec operation of matrices, the model in (1.1) can alternatively
be written as

vec(Y) = (X, @ Xy)vec(®) + vec(e), Elvec(e)] =0, Covlvec(e)] = 0*(B2 @ Z1). (1.3)

Because (1.3) is a linear model, many results on linear models can be extended to (1.1). Note, however,
that both vec(Y) and vec(@®) in (1.3) are just column vectors, many algebraic properties and restrictions
related to the structures of the two matrices Y and © in (1.1), such as their ranks, ranges, singularity,
symmetry, partitioned representations, can hardly be demonstrated in the expressions of vec(Y) and
vec(O). Conversely, not all estimators of vec(®) and (X] ® X2)vec(®) under (1.3) can be written in the
forms of ® and X;©X,. That is to say, some problems on the model in (1.1) can be studied through
(1.3), others can only be done from the original model in (1.1).
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The growth curve model is an extension of multivariate linear models, which was originally proposed
by Potthoff and Roy (1964), and subsequently was studied by many authors, such as Khatri (1966), Pan
and Fang (2002), Rao (1965, 1966), Seber (1985), von Rosen (1989, 1991), and Woolson and Leeper
(1980) among many others. Because the four matrices X; and Xs, ¥ and X5 can be of arbitrary rank,
some essential relations between Y and the four matrices need clarifications. In this paper, we investigate
the following three basic problems on the general growth curve model in (1.1):

(I) Necessary and sufficient conditions for the model to be consistent.
(IT) Natural restrictions to the parameter matrix ©.
(IIT) Unbiasedness of linear estimators and estimability of parametric functions.

If the matrices X7 and Xo, 37 and X5 in (1.1) are of full rank, the above three problems reduce to trivial
cases. Theoretically, the above three problems can easily be solved through the transformed model in
(1.3). However, the challenging part is how to reasonably convert the results derived from vec operations
in (1.3) to those that can be expressed in the forms of given matrices in (1.1). In this paper, we derive
some satisfactory solutions to these problems through Kronecker products, vec operations, generalized
inverses of matrices, matrix equations and the matrix rank method.

The Moore-Penrose inverse of A € R™*" denoted by AT, is defined to be the unique solution G to
the four matrix equations

(i) AGA = A, (i) GAG = G, (i) (AG) = AG, (iv) (GA) = GA.

A matrix G € R"*"™ is called a generalized inverse (g-inverse) of A, denoted by G = A~ if it satisfies (i).
Further, Po = AAT, Ep =1,, — AAT and Fo = I, — AT A stand for the three orthogonal projectors
induced from A. One of the most important applications of Moore-Penrose inverses of matrices is to derive
closed-form formulas for ranks of partitioned matrices, as well as general solutions of matrix equations;
see Lemmas 1.1, 1.2, 1.6 and 1.7 below.

Some well-known rank formulas for partitioned matrices due to Marsaglia and Styan (1974) are given
below, which can be used to simplify various matrix expressions involving Moore-Penrose inverses.

Lemma 1.1 Let A € R™*" B € R™** and C € R**"™. Then

r[A, B] = #(A) + [ (T, — AAT)B] = r(B) + r[(L., — BBT)A], (1.4)
r[‘é] =7r(A)+7r[C(L,—ATA)]=7(C) +r[A(I, - CTC)], (1.5)
r[é 13’] — +(B) +(C) 4+ (I, - BBY)A(I, — C*C)]. (1.6)

The following two lemmas are well known; see Penrose (1955).
Lemma 1.2 Let A € R™*" B € RP*? gnd C € R™*4. Then the following statements are equivalent:
(a) The matriz equation AZB = C is solvable for Z.
(b) The matriz equation (B’ ® A)vec(Z) = vec(C) is solvable for vec(Z).
(
(e) Z[vec(C)] C Z(B' ® A).

b
(¢) 2(C) C #(A) and Z(C') C Z(B').
d) AA*CB*B =C.

In this case, the general solution to the equation can be written in the following parametric form
Z =A"CB" +FAU; + U3Eg,

where Uy, Uy € R"*P are arbitrary.



Lemma 1.3 Suppose Ay, Ao, By and By are nonzero matrices. Then the equality A1Z,1B, = A3Z->B>
holds for any two matrices Z1 and Zs if and only if A1 = AAs and B = uBo with Ay = 1.

It is obvious that the equality AZB = 0 holds for any matrix Z if and only if A = 0 and B = 0.
However, the equality L1 YLy = 0 holds with probability 1 under (1.1) does not necessarily imply L; = 0
or Ly = 0. Instead, we have the following result.

Theorem 1.4 Let the growth curve model be as given in (1.1), and let Ly and Lo be two given matrices
of appropriate sizes.

(a) Under the condition that © is a free matriz, the equality L1 YLy = 0 holds with probability 1 if one
of the four conditions (i) L1X; = 0 and 11X, = 0, (ii) L1 X7 = 0 and X3Ls = 0, (iii) XoLo =0
and L1¥, =0, and (iv) XsLs = 0 and ¥3Ls = 0 holds.

(b) Under the conditions that both ¥1 and Yo are positive definite, L1 YLy = 0 holds with probability 1
if and only if L1 =0 or Ly = 0.

Proof It is obvious that L; YLy = 0 if and only if (L5 ®L1)vec(Y) = 0. Also note that (L5QL4)vec(Y) =
0 holds with probability 1 if and only if the following two equalities

B[(Ly ® Li)vec(Y)] = (L, X}, ® L1 X1 )vec(©) = 0, (1.7)
Cov[(Lly ® Ly )vee(Y)] = (L, @ L1) (B2 ® £1)(Ly ® L)) = 0 (1.8)

hold, that is,
L1X1®X2L2 =0 and L/222 X lel =0. (19)

If © is a free matrix, then (1.9) is equivalent to L1X; = 0 and L;¥; = 0, or L; X; = 0 and ¥3Ly = 0, or
XsLy =0 and Ly ¥; = 0, or X3Lo = 0 and ¥sLy = 0. Hence we have the conclusion in (a). Under the
conditions that both ¥; and ¥, are positive definite, the second equality in (1.9) is equivalent to Ly = 0
or Ly = 0, so that (b) holds. a

In order to characterize relations between two linear estimators under (1.1), we need the following
result.

Theorem 1.5 Suppose Li1, Lia, Loy and Loy are nonzero matrices. Then the equality L1 YLy =
Lo1YLgs holds with probability 1 under (1.1) if

X A X
Lll[Xla 21} = Lgl[)le, /,[,121], |:222:| L12 = l:ﬂ22222:| L22, Al)\g =1 CI,’I’Ld M1 = 1. (110)

Proof Note that Li;YLis = Loy YLy is equivalent to
(L5 ® Lip)vec(Y) = (Ljy @ Lag)vec(Y). (1.11)
Also note that
E[(Li; ® Lip)vec(Y) — (L, ® Lop)vec(Y)] = (L1,X5 ® L1 Xy — Ly X5 @ Loy X )vec(®),
and
Cov[ (Liy ® Lip)vec(Y) — (L ® Loi)vec(Y)]
= 0%(Liy ® L1y — Ly ® Lyt )(B2 ® 8q)(Liy @ Ly — Ly @ Loy ).
Hence (1.11) holds with probability 1 if
L,,X, ® LX) = L)X, @ LorX; and L)y3s @ Ly B = LiyySs @ Lot By,
which, by Lemma 1.3, is equivalent to
L11X1 = MLoi1 Xy, XoLiz = AaXoLlog, A2 =1,
L3y = Loy Xy, oling = po¥oling, pipe =1,
as required for (1.10). O
The following result was given by Mitra (1984).



Lemma 1.6 The pair of matriz equations A1Z = By, and ZAs = By have a common solution for Z if
and only if Z(B1) C Z(A1), Z(B)) C Z(AL) and A1By = B1Ay. In such a case, the general common
solution to A1Z = By and ZAs = By can be written in the following parametric form

Z=ATB;+BA] — ATAByA] + Fa,UE,,, (1.12)
where the matriz U is arbitrary.
Lemma 1.7 Let A; € R™*" B, € C™*P gnd C; € R¥*"™ be given for i =1, 2. Then,
(a) (Ozgiiler and Akar, 1991) The pair of matriz equations
AZB, =C; and A>ZB, =C,

have a common solution if and only if each of the two matriz equations is consistent, i.e., Z(C;) C
H(A;) and Z(C) C Z(B]) fori=1, 2, and

C: 0 A
r 0 702 A2 = 7“|:

B, B, 0
(b) (Tian, 2000) Under (a), the general common solution of the pair of equations can be written in the

parametric form
Z=7,+FAU; +U;Eg + FA1U3E32 + FA2U4EBI,

Ay

where Zg is a special common solution to the pair of equations, A = [A
2

:|, B = [Bl7 BQ], and

Uy,..., Uy € RPX? gre arbitrary.
The following result was shown by Ozgiiler (1991).

Lemma 1.8 The matriz equation A1Z1B1 + AsZ3;Bs = C is solvable for Zy and Zs if and only if

© B
r[C, A1, Ayl =r[A1, Ay], 7| B, —7{ 1],
B, B:

c A C A
Tl:B2 0 ] =7(A1) +r(B2), Tl:Bl 0 ] =7(A2) +r(By).
2 Consistency of a singular growth curve model
Let M = [ X}, ® X1, ¥3 ® X1 ]. Under the assumptions in (1.3), it is easy to obtain

EMMtvec(Y) — vec(Y)] = MM (X}, ®@ X;)vec(®) — (X, @ X )vec(®) = 0,
Cov[MM ™ vec(Y) — vec(Y)] = (MM*' —I)(Z; @ &) (MM — 1) = 0.

Both equalities imply that
vec(Y) € Z[ X5 ® X1, o @ X4 ] (2.1)

holds with probability 1. In view of this, we have the following definition.

Definition 2.1 The growth curve model in (1.1) is said to be consistent if (2.1) holds with probability
1.

The consistency condition in (2.1) is defined through the transformed model in (1.3). We next show
how to equivalently write (2.1) in the forms associated with (1.1).



Theorem 2.2 The following statements are equivalent:
(a) The growth curve model in (1.1) is consistent, i.e., (2.1) holds with probability 1.

(b) The following matriz equation
XiVXy + 8 WE, =Y (2.2)

is solvable for V. and W with probability 1.

(¢) The following four rank equalities

X X
r[Xl,El,Y]:r[Xl,El], T 22 :7“|:22:|, (23)
Y 2
Y X, Y 5]
r{22 0 ] =r(Xy) +r(X), T‘|:X2 0 ] =r(Xsy) + (%) (2.4)
hold with probability 1.
(d) The following four equalities
X, 17X
(X1, 20 ][X, 5 ]TY =Y, Y| &2 =Y, (2.5)
Yo PP
(- XX )Y(I-5{%) =0, (1-5,5f)Y(I-XiX,)=0 (2.6)

hold with probability 1.

Proof Note that the equation in (2.2) is equivalent to
(X, @ X1)vec(V) + (B2 @ 1)vec(W) = vec(Y).

It is obvious that this equation is solvable for vec(V) and vec(W) if and only if (2.1) holds, so that (a)
and (b) are equivalent. The equivalence of (b) and (c) follows from Lemma 1.8. Applying (1.4), (1.5) and
(1.6) to the four rank equalities in (b) gives the equivalence of (¢) and (d). O

More equivalent statements for the consistency of (1.1) are given in Section 3.

3 Natural restrictions under a singular growth curve model

The concept of natural restrictions to the unknown parameter vector in a singular linear model was
proposed by Rao (1973a, p. 279; 1976, p. 1033). Many discussions on natural restrictions to singular
linear models can be found in the literature, see, e.g., Baksalary, Rao and Markiewicz (1992), Grof§
(2004), Harville (1981), Haupt and Oberhofer (2002), McCulloch and Searle (1995), Puntanen and Scott
(1996). A recent paper by Tian, Beisiegel, Dagenais and Haines (2008) gave a new investigation to this
problem by the matrix rank method. In this section, we introduce the concept of natural restrictions to
the unknown parameter matrix in a general growth curve model, and consider some problems related to
the natural restrictions.

Theorem 3.1 The parameter matriz © in the growth curve model (1.1) satisfies the following matrix
equation
Y — Py, YPy, = X;0X, — Py, X;0X, Py, (3.1)

with probability 1.



Proof Pre-multiplying both sides of (1.3) by E(z,gx,) gives the following transformed model
Es,exn,)vec(Y) = Ex,ox,) (X5 @ X1)vec(©) + Es, o5, ) vec(e). (3.2)
It is easy to verify that
E[E,g5,)vec(e)] =0 and Cov[E(s,es,)vec(e)] = 0.
These two equalities imply that the equality
E,om)vee(Y) = E,gxn,) (X5 @ X1)vec(O) (3.3)

holds with probability 1, that is, (3.1) holds with probability with 1. o

The equation in (3.1) is called the natural restriction to the parameter matrix @ in (1.1). It is easy
to verify that the equation in (3.3) is solvable for vec(®) if and only if

T Em,en)vec(Y), Em,on,) (X5 @ X1)] = r[Em,ex,) (X; @ X1)]. (3.4)
Applying (1.4) to both sides of (3.4) gives
T[VGC(Y), XIQ ® Xy, pIT) ®21] = T[X/Q ® Xq, Yo ®¥, L

which is obviously equivalent to (2.1). Combining Theorem 3.1 with Definition 2.1 yields the following
result.

Theorem 3.2 The matriz equation in (3.1) is solvable for ® with probability 1 if and only if the model
in (1.1) is consistent.

Another set of natural restrictions on the parameter matrix ® in (1.1) is give below.

Theorem 3.3 The parameter matriz ® in the growth curve model (1.1) satisfies the pair of matriz
equations
Es, Y =Ex X;0Xy and YEg, = X;0X,Ey, (3.5)

with probability 1.

Proof Pre- and post-multiplying both sides of (1.1) by Ex, and Ey,, respectively, gives the following
two transformed models

E21Y = E21X1®X2 + Ezle and YE):Z = X1®X2E22 —|—6E22.
It is easy to verify that
E(Eg,e) =0, E(€Es,) =0, Cov[(I® Eg,)vec(e)] =0, Cov[(Eg, ® I)vec(e)] = 0.

These four equalities imply that the pair of equalities in (3.5) hold with probability 1. O

Concerning solvability conditions and general common solutions to the pair of matrix equations in
(3.5), we have the following result.

Theorem 3.4

(a) The first matriz equation in (3.5) is solvable for © if and only if Z(Ex,Y) C Z(Es,X4) and
F|(Bx, Y] € #(Xb), that i,

= (1) + r(Xa). (3.6)

Y X
r[Xl,El,Y]:r[Xl,El] and 7”|:>(2 01:|



(b) The second matriz equation in (3.5) is solvable for © if and only if Z(YEs,) C Z(X;1) and
Z|(YEsx,)'| C Z[(X2Es,)’], that is,

¥
el X | = 22 and | & R n(xy) 4 (), (3.7)
v Xo T 0

(¢) The pair of matriz equations in (3.5) have a common solution for © if and only if both (3.6) and
(3.7) hold.

(d) Under both (3.6) and (3.7), the general solution of the pair of the matriz equations in (3.5) can be
expressed in the following parametric form

O =0+ FX1U1 + U2EX2 + [I — (E21X1)+(E21X1) }Ug,[]: — (X2E22)(X2E22)+ ], (38)

where Oy is a special solution to the pair of equations in (3.5), and Uy, Uy and Us are three
arbitrary matrices.

Proof It follows from Lemma 1.7. |
Combining Theorems 2.2, 3.2 and 3.4 leads to the following result.
Theorem 3.5 The following statements are equivalent:
(a) The matriz equation in (3.1) is solvable for ® with probability 1.
(b) The pair of the matriz equations in (3.5) have a common solution for ® with probability 1.
(¢) The model in (1.1) is consistent.
Theorem 3.5 indicates that if the model in (1.1) is consistent, then the unknown parameter matrix @

in (1.1) satisfies the natural restrictions in (3.1) or (3.5) with probability 1. In this case, combining (1.1)
with (3.1) gives the following restricted growth curve model

Y = X1®X2 + €, E(&) = 0, COU[VGC(E)] = 0'2(22 X 21),
Y - Py, YPs, = X,0X, — Pg, X;©X,Py, with probability 1.

It should be pointed out that not all estimators under (1.1) satisfy the natural restriction in (3.1) or
(3.5). Recall that the ordinary least-squares estimator (OLSE) of @ in (1.1), denoted by OLSE(®), is
defined to be

~

© = argmin tr[ (Y - X,0X, ) (Y - X,0X; )], (3.9)

and the OLSE of X;©X; in (1.1) is defined to be OLSE(X;0X5) = X,0X,. As is well known, the
normal equation corresponding to (3.9) is given by

X/ X;0X,X)} = X, YX).

This equation is always consistent, and the general expression of ® can be written in the following
parametric form
OLSE(®) = X{YXJ + Fx,U; + UzEx,,

where Uy, Uy € RP*? are arbitrary. Correspondingly, the OLSE of X;©X5 in (1.1) is given by
OLSE(X,0Xs) = X;X] YX] X, = Px, YPx;. (3.10)
Theorem 3.6 The following statements are equivalent:

(a) The OLSE(X10Xj3) in (3.10) satisfies the natural restriction in (3.5) with probability 1.



(b) There exists a matriz Z such that Y can be decomposed as
Y = OLSE(X;0X,) + £,Z%, (3.11)
with probability 1.
(c) One of the following three conditions holds
(i) ¥1X; =0,
(i) X%, =0,
(i) Px,Ps, = P, Px, and Px,Ps, = Pg,Px;.
Proof Substituting (3.10) into the two equations in (3.5) gives
Es,Y = Ex,Px,YPx, and YEs, = Px,YPx, Es,. (3.12)

It is easy to verify by definition that the first equality in (3.12) holds with probability 1 under (1.1) if
and only if X2¥s = 0 or Px, Py, = Py, Px,, and the second equality in (3.12) holds with probability 1
under (1.1) if and only if £,X; = 0 or Px;Ps, = Pg,Px;, establishing the equivalence of (a) and (c).
Equation (3.11) can be written as

Y = Px,YPx;, + £.Z5,. (3.13)

From Lemma 1.2, the equation is solvable for Z if and only if (3.12) holds. Hence (a) and (b) are
equivalent. O

4 Estimability of parametric functions under the growth curve
model

Definition 4.1 Suppose a matrix K € RF*P? is given. Then the linear transformation Kvec(®) under
(1.1) is said to be estimable if there exists a matrix L € R¥*"™ g0 that E[Lvec(Y)] = Kvec(®) under
(1.1).

The following result follows from Alalouf and Styan (1979).

Lemma 4.2 A linear transformation Kvec(®) is estimable under (1.1) if and only if Z(K') C Z( X2 ®
X7)-

Because © in (1.1) is a parameter matrix, linear transformations of ® may have various forms. A
general linear transformation of ® has the following form

Ki:10Ko; + - + K1, OKoy, (4.1)

where Ki1,...,Kix € R**?P and Koy,...,Kor € RI%! are given. In fact, any linear combination of the
entries in © can be written in the form of (4.1). For example,

(i) the trace of the square matrix © in (1.1) can be written as e)@e; + --- + €,@e,, where €] =
[0,...,1,...,0],i=1,...,p;

(ii) the parametric function tr(K®) can also be written as in (4.1);

©;; O

(iii) the submatrix ®1; in ©® = [ Oy O

} can be written as 17 = K{OKoy;

@11 0

(iv) the diagonal block matrix [ 0 O

:| can be written as K11®K21 + K12®K22.



Because Y in (1.1) is a matrix, a general expression of linear estimators under (1.1) can be written
in the following two-sided form

Li1 YLy + -4+ Ly YLy + Ly, (4.2)

where Lii,...,Ly;, Lo, ..., Loy and Ljy; are given matrices. In fact, any linear combination of the
entries in Y can be written in the form of (4.2). The estimability of the parameter matrix in (4.1) and
the unbiasedness of the linear estimator in (4.2) are defined below.

Definition 4.3 Let Kiy,..., K, € R®%P and Koy, ..., Ko, € R be two sets of given matrices. Then
the linear transformation K11 0K + - - - + K1 OKosy of the parameter matrix © is said to be estimable
under (1.1) if there exist Lyy, ..., Ly € RSX™ Lo, ..., Ly € R®™ and L;; € R®*¢ such that

E(L11YLoi 4+ -+ Ly YLy + Ljyq) = K11OKo + - - + K1, 0Ky,

i.e.

L1 Xi®X3Lho + -+ + Ly X;©XoLo; + Ly = K11OKo + -+ + K, OKoy. (4.3)

In this case, the linear estimator L1 YLoy +- - -+ L1; Y Lo, 4+ Lj 1 is said to be unbiased for the parametric
transformation K11®Ko; + - - - + K1, OKoy.

Two basic problems associated with estimability of linear transformations of the parameter matrix @
in (4.2) are:

(I) Necessary and sufficient conditions for K11®Ks; + - - - + K1, OKoy, to be estimable.

(IT) General expressions of Lq1,...,Lq;, Loi,..., Loy and L;i; satisfying (4.3) if K110Ko + -+ +
K, OK,, is estimable.

Through the vec operation and Kronecker product of matrices, (4.3) is equivalent to

[(X2L21)/ ® (L11X1)]Vec(®) +--- 4+ [(XQLQ[)/ ® (Lqu)]VeC(g) + vec(Ly4q)
= (K5 @ Ki1)vec(O) + - - + (Kb, @ Ky )vec(©). (4.4)

If © in (4.4) is taken as a free matrix, in other words, (3.1) is not taken into account in estimating (1.1),
than we obtain the following result by comparing both sides of (4.4).

Theorem 4.4 If © is a free matriz, then (4.4) is equivalent to
(XoLoy) ® (L1 Xy) + -+ + (XoLy) ® (LyXy) = Kby @ Kyp + - + Kb, @ Ky and Ly, = 0. (4.5)
In particular, if both 1 and Xo in (1.1) are positive definite, then (4.5) holds.
Observe that the first equality in (4.5) is a quadratic matrix equation for the unknown matrices
Li1,...,Ly, Loy, ..., Lo It seems impossible to solve this matrix equation for [ > 1 or k£ > 1 by current

tools in matrix theory. However, if [ = k = 1, we have the following result.

Theorem 4.5 Let K; € R*¥P and Ky € RI%t be two given matrices. and assume that both ¥1 and o
in (1.1) are positive definite. Then,

(a) There exist two matrices Ly and Lo such that E(L;YLs) = K;OKos, that is,
L1X,0X,L; = K; 0K, (4.6)
holds under (1.1) if and only if

LiX; = MKy, XoLo = Ko, Ay =1 (4.7)



(b) K1OKj, is estimable if and only if Z(K}) C Z(X}) and Z(Kz) C Z(X2). In this case, the general
expressions of Ly and Loy satisfying (4.7) are given by

L, = AlKle + U (I- X1XIr ), Lo = )\QX;'_KQ +(I- X;Xg YUz, AAg =1,
where Uy and Uy are arbitrary matrices.

As shown in Section 3, the parameter matrix ® in (1.1) satisfies the natural restriction in (3.1) or
(3.5) if the Kronecker product ¥, ® ¥; in (1.1) is singular. In this case, (4.4) is not necessarily equivalent
to (4.5). In order to obtain necessary and sufficient conditions for K11®Ks + -+ + K;1,OKo, to be
estimable under (1.1), we have to substitute (3.8) into (4.3), and then derive estimability conditions from
the new matrix equality. Needless to say, it is impossible to solve this problem at current time. However
for the simplest parametric function tr(K@®) under (1.1), we are able to derive its estimability conditions.

Theorem 4.6 Let K € RY*P be given. Then the following statements are equivalent:

(a) tr(K®) is estimable under (1.1).
(

)
b) vec (K')vec(®) is estimable under (1.3).

(¢) The matriz equation XoLX, = K is solvable.

(d) Z(K) C #(X3) and Z(K') C Z(X}).

Proof Note that tr(K®) can be written as

tr(K®) = vec' (K')vec(O).

Hence (a) and (b) are equivalent. It follows from Lemma 4.2 that (b) holds if and only if Z[vec(K’)] C
# (X2 ® X)), which is equivalent to (c¢) and (d) by Lemma 1.2. 0

In statistical applications, parameters in regression models often satisfy some restrictions. For in-
stance, assume that the unknown parameter matrix ® in (1.1) satisfies a pair of consistent linear matrix
equations

A,© =B,, OA,=B,, (4.8)

where A; € R™"*P,. Ay € R7*™t and By € R™*? and By € RP*™ are four known matrices. In such a
case, the model in (1.1) together with (4.8) can be written as

My ={Y,X,0X;,|A 10 =B, @A, = By, 03(Z, © X1)}, (4.9)

and is called a restricted growth curve model. Usually, (4.9) can be transformed into an unrestricted
growth curve model by substituting the general solution of (4.8) into (1.1).

Because there are two restrictions to the parameter matrix ® in (4.9), the estimability of the paramet-
ric function tr(K®) under (4.9) is different from that of tr(K®) under (1.1). Concerning the estimability
of the parametric function tr(K®) under (4.9), we have the following result.

Theorem 4.7 Suppose that both £y and Yo in (4.9) are positive definite, and let K € RI*P be given.
Then the following statements are equivalent:

(a) There exist a matriz L € R™*™ and a scalar ¢ such that tr(LY) + ¢ is an unbiased estimator of
tr(K®) under (4.9), i.e., tr(K®) is estimable under (4.9).

(b) There exists a matriz L € R™*™ such that Ea,XoLX1Fa, = EaA,KFa,.

K A,
©r| K X0 Aol X, A4 r(A) andr [ Xy 0 | =r| X | 4 r(A0).
AL 0 0 A 0 Ai
1
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Proof Under the assumption that both ¥; and Xy in (4.9) are positive definite, the natural restriction
in (3.1) to © vanishes. In this case, substituting the general solution (1.12) of the equations in (4.8) into
(1.1) gives the following reparameterized model

Y - XA B X, — X1BoA Xy + XA A BoA X, = XFa, UEA, X, +¢,

where U is a new free parameter matrix. Correspondingly, both E[tr(LY)+c¢] and tr(K®) can be written
as

Eftr(LY) + |

= tr(LX;ATB; X5 + LXBoAJ Xy — LX;ATABoAST X, ) 4 tr(LX Fa, UEA, X)) + ¢

=tr(LX;A7 B X, + LX;BoAS Xy — LX,ATA BoAT Xy ) + tr(Ea, XoLX Fa,U) 4 ¢,
tr(K®) = tr(KATB; + KByA] — KATABy;A] + KFa, UE,,)

= tr(KAB; + KByA] — KATA ByA ) + tr(Ea,KFa, U).

Note that U is free, so that E[tr(LY) + ¢] = tr(K®) is equivalent to

tI‘( LXlATB1X2 + LXlBgA;—XQ — LXlATAlBQA;_XQ ) +c

and

Ea,XoLX 1 Fao, =Ep,KFj4,. (4.11)
By Lemma 1.2, the matrix equation in (4.11) is solvable for L if and only if
%(EAZKFAI) c ‘%(EA2X2)7 %[(EAQKFAJ/] - %[(XlFAl)/]'

The two conditions are equivalent to (¢) by Lemma 1.1. Solving L from (4.11) and substituting the
solution into (4.10) yields the matrix L and the scalar ¢ such that E[tr(LY) + ¢] = tr(K®) holds. m

Assume now that the unknown parameter matrix © in (1.1) satisfies a consistent linear matrix equa-
tion

A,@A, =B, (4.12)

where A; € R %P Ay € R7*™ and B € R™*™! are three known matrices. In such a case, the model
in (1.1) together with (4.12) is written as

{Y, X1@X2 | A1®A2 == B, 0'2<22 & 21)} (413)
Concerning the estimability of the parametric function tr(K®) under (4.13), we have the following result.

Theorem 4.8 Suppose that both X1 and Xy in (4.13) are positive definite, and let K € RI*P be given.
Then the following statements are equivalent:

(a) There exist a matriz L € R™*™ and a scalar ¢ such that tr(LY) + ¢ is an unbiased estimator of
tr(K®) under (4.13), i.e., tr(K®) is estimable under (4.13).

(b) There exists a matriz L € R™*™ such that XoLX1Fa, = KFa, and Ex,X3LX; = Ex, K.
(c) Z(K) C Z[ Xy, Ay, ZK') CZ[X), Al] and
K X2 _ K A2 _
’I“|:A1 0 ] =r(Xa) +r(A1), T[Xl 0 } =r(Xy) +r(As).
(d) The matriz equation XoVXy + AsWA, = K is solvable for V. and W.
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Proof From Lemma 1.2, the matrix equation in (4.12) is consistent if and only if A, AfBA;Ag =B. In
this case, the general solution of the equation can be written as @ = AT BAJ + Fa,U; + UsE,,, where
U; and Uj are arbitrary. Substituting the general solution into (1.1) gives the following reparameterized
model

Y — XlATBA;XZ = XlFA1U1X2 + XlUQEA2X2 +e€.

In this case, E[tr(LY) + ¢] and tr(K®) can be written as
E[tr(LY) + ¢ = tr(LX;ATBAJ Xy + LX Fa, U1 Xy + LXUsEp, X5) + ¢
== tI‘( )(2:[1)(1AATB1A;r + XQLXlFAlUl + EAZXQLX]_UQ) +c
and
tr(K®) = tr(KATBAJ + KFA,U; + KU3Ea,)
=tr(KATBAJ + KFa,U; + EA,KU,).
So that E[tr(LY) + ¢] = tr(K®) is equivalent to
tr(XoLX1ATBAY) + ¢ = tr(KATBAJ), (4.14)
XoLX Fa, = KFy,, Ea,XoLX; = Ex K. (4.15)
By Lemma 1.7, the pair of matrix equations in (4.15) have a common solution for L if and only if
Z(KFA,) € #(Xs), Z[(KFa,)] € Z[(X1Fa,)],
‘%(EA2K) < ‘%(EA2X2)’ %[(EAZK)I] < <%()cll)a

and
KFa, 0 X, X
rl 0 ~Ea,K Ea, X _r[E 2X ]+r[X1FA17X1].
X, Fa, X, 0 Ax 2

The results are further equivalent to those in (c). The equivalence of (c¢) and (d) is established by Lemma
1.8. O

In what follows, we give the definition of the best linear unbiased estimator (BLUE) of parametric
functions under (1.1).

Definition 4.9 A linear estimator G1;YGo; + -+ + G1;YGy; is said to be the BLUE of parametric
functions K11®Ks; + - - - + K1, OK,, under (11) if E( G11YGo +-- -+ G YGy ) =K;10Ks +---+
K1,0Kgy; and Cov|[Lvec(Y)] — Cov[(Gh @ G11 + - - - + GE;, ® Gy;)vec(Y)] is nonnegative definite for any
other unbiased estimator Lvec(Y) of K11OKsy + - - - + K1, OKoyy.

Note the parametric functions K11 @Koy + - - - + K1, OKoy under (1.1) can alternatively be expressed
as Kvec(0). In such a case, the BLUE of Kvec(©) can also be defined through (1.3).

Definition 4.10 A linear estimator Gvec(Y) is said to be the BLUE of the parametric functions
Kvec(0) under (1.3), denoted by BLUE 4, [Kvec(©)], if Gvec(Y) is unbiased for Kvec(0), i.e., E[Gvec(Y)] =
Kvec(0), and Cov[Gyvec(Y)] — Cov[Gvec(Y)] is nonnegative definite for any other unbiased estimator
Givec(Y) of Kvec(0).

Through generalized inverses of matrices, the general expression of the BLUE of Kvec(®) under (1.3)
can be written in some closed form. The following result follows from Rao (1973b, p. 282).

Lemma 4.11 Assume that Kvec(®) is estimable under (1.3). Then the general expression of BLUE[Kvec(©)]
under (1.3) is given by
BLUE[Kvec(®)] = Gvec(Y), (4.16)

where G is the general expression of the following matriz equation

G[ X, ® Xy, (X2 ®X1)Ex,ex, ] = [K, 0]. (4.17)

12



This equation is always consistent, and the general solution of (4.17) can be expressed as
G = [K, 0][X/2 ® X1, (22 & ZI)EX’2®X1 ]+ + UE[X/2®X1,22®21]; (4.18)
where U € R¥*P4 is arbitrary.

It is obvious that if G1;YGo; +---+G1;YGy; is a BLUE of K11OKs; + - - - + K1, OKo, under (1.1),
then (G5 ® G11 + -+ G5, ® Gyy)vec(Y) is a BLUE of [K5 @ Kq1 + -+ + K), @ Ky, Jvec(®) under
(1.3). Some special forms of BLUEs of X;©®Xj5 in (1.1) with the form G;YGz were given by Zhang and
Zhu (2000).

Many problems on BLUEs of parametric functions under (1.1), such as their existence, general ex-
pressions, uniqueness, rank, range, additive and block decompositions are yet to be investigated.

5 Extensions to the extended growth curve model

A useful extension of the model in (1.1) is given by

t
Y =) X1;0;Xy +¢& E() =0, Covlvec(e)] = 0*(Z, ® %), (5.1)

=1

where Y € R™*™ is an observable random matrix, X;; € R"*Pi and Xs; € R%*"™ are known matrices of
arbitrary rank, @; € RPi*% are matrices of unknown parameters, ¥; € R"*™ and Xy € R"™*™ are two
known nonnegative definite matrices of arbitrary rank, and o2 is a positive unknown scalar. This mode
is called the extended growth curve model in the literature. This kind of models have many applications
in statistics and other disciplines; see, e.g., Kollo and von Rosen (2005), Seid Hamid and von Rosen
(2006), Srivastava (2002), Takane and Hunter (2001), Takane, Kiers and de Leeuw (1995), Takane and
Shibayama (1991), von Rosen (1989, 1991), and Verbyla and Venables (1988), among others.
The model in (5.1) can also be written as

(O] Xoa1
Y:[Xu,...,Xlt] + &,

6, Xot
E(e) =0, Cov[vec(e)] = 02(X2 @ ).

(5.2)

Through the Kronecker product and the vec operation of matrices, (5.1) can alternatively be written as
vec(Y) = X0 + vec(g), Elvec(e)] =0, Covlvec(e)] = 0?(Z2 @ ), (5.3)
where X = [ X}, @ X11,..., X5, ®X;;] and § = [vec (©1),...,vec (O;)]'. Tt is straightforward to extend

most of the results in the previous sections to the model in (5.1).

5.1 Consistency of the extended growth curve model

Definition 5.1 The extended growth curve model in (5.1) is said to be consistent if
vee(Y) € [ X5 @ Xq1, ..., X5, @ Xiy, Xo @ X | (5.4)
holds with probability 1.
Theorem 5.2 The following statements are equivalent:
(a) The extended growth curve model in (5.1) is consistent.
(b) The following matriz equation
X11ViXor + -+ X1t Vi X + ¥ WE, =Y (5.5)

is solvable for V1,..., Vy and W with probability 1.
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Proof The equivalence of (a) and (b) follows directly from the Kronecker product and the vec operation
of matrices. O

For t = 2, the solvability condition of (5.5) can also be characterized by rank equalities and generalized
inverses of matrices, for more details on this topic, see Tian (2000).

Definition 5.3 (a) A linear estimator Gvec(Y) is said to be the BLUE of parametric functions
K@ under the transformed model in (5.3), denoted by BLUE(X), if E[Gvec(Y)] = X6, and
Cov[Lvec(Y)] — Cov[Gvec(Y)] is nonnegative definite for any other unbiased estimator Lvec(Y)
of X6.

(b) A linear estimator 22:1 G1;YGy; is said to be the BLUE of 22:1 K1;0;K5; under (5.1) if
S G1iYGy; is unbiased for 3'_, K1;:0;Ky;, and Cov[Lvec(Y)] — Cov[(Y'_; Gb, @ Gri)vee(Y)]
is nonnegative definite for any other unbiased estimator Lvec(Y) of Zle K;;0,;K,; under (5.1).

It is more challenging to study existence, general expressions, uniqueness, ranks, range, decompositions
of BLUEs under (5.1).

5.2 Natural restrictions under the extended growth curve model

Theorem 5.4
(a) The parameter matrices ©1,...,0; in the growth curve model (5.1) satisfy the following matriz
equation
¢ t
Y —Pg, YPg, = > X1,0;Xy — » Py, X1;0,X,,Py, (5.6)
1=1 i=1

with probability 1.

(b) The parameter matrices ©1,...,0, in the growth curve model (5.1) satisfy the following pair of
matrix equations

t t
Ez,Y =) E5 X1;0,Xy and YEg, =) X;;0,X,Es, (5.7)
i=1 i=1
with probability 1.
(¢) The following statements are equivalent:

(i) The matriz equation in (5.6) is solvable for O, ..., Oy with probability 1.

(ii) The pair of matriz equations in (5.7) have common solutions for 1, ..., O with probability
1.

(iii) The model in (5.1) is consistent.

Proof It follows from (5.3), (3.2), and the Kronecker product and the vec operation of matrices. O

5.3 Estimability of parameter matrices under the extended growth curve

model
Because there are ¢ parameter matrices @1, ..., ®; in (5.1), a general linear matrix consisting of @1, ..., O
may be written as
k1 ix
Z Ki1101Ky0 + -+ + Z K10 Kyo. (5.8)
i=1 i=1

A special form of (5.8) is S_, tr(K;©;). Ceneral expression of linear estimators under (5.1) can be
written as (4.2).

As pointed out in Section 4, it is quite difficult to derive necessary and sufficient conditions for the
unbiasedness of general linear estimators and the estimability of general parametric matrices. However,
for the parametric function Zz:l tr(K;0®;) we have the following result.
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Theorem 5.5 Suppose that both £1 and Xy in (5.1) are positive definite, and let Kq € Rn*Pr K, €
R*Pt pe given. Then the following statements are equivalent:

(a) There exists a matriz L € R™*™ such that tr(LY) is an unbiased estimator of Zle tr(K;0®;) under
(5.1), i.e., Zle tr(K;0;) is estimable under (5.1).

(b) There exists a matriz L € R™*™ such that Xo1LX11 = Ky, ..., X0 LX;; = K;.
Proof Note that
t t
E[tr(LY)] = tr[LE(Y)] = tr <L Z XM@ngi) = tr (Z XgiLxli®i> .
i=1 i=1

Hence E[tr(LY)] = ', tr(K;©;) is equivalent to

i=1
t t
i=1

i=1
Since O1, ..., ©; are free parameter matrices under the given conditions, (5.9) is equivalent to Xo;LXy; =
K,,i=1,...t. Hence (a) and (b) are equivalent. ad

A special case of the model in (5.1) is
Y = X11®1X21 + X21@2X22 + €, E(E) = 0, COU[VGC(&)] = 0'2(22 X 21) (510)
Applying Theorem 5.5 to this model leads to the following result.

Corollary 5.6 Suppose that both X1 and Yo in (5.10) are positive definite, and let K1 € R™*P1 and
Ky € R%2%P2 pe given. Then the following statements are equivalent:

(a) There exists a matriz L € R™*™ such that tr(LY) is an unbiased estimator of tr(K;0; + K2O3)
under (5.10), i.e., tr(K;©1 + K2©3) is estimable.

(b) There exists a matrizc L € R™*™ such that Xo1LX11 = K; and X92LX 15 = Ko.
(c) Z(K;) C %(X2:), Z(K}) C Z(X;), i =1, 2, and

T 0 _K2 X22

K, 0 X
= T|:
X1 X2 O

Xo1
ng] + [ X1, Xi2].

Proof The equivalence of (b) and (c) follows from Lemma 1.7. m

6 Concluding remarks

We have derived a variety of results on consistency, natural restrictions and estimability under classical
and extended growth curve models. These results can be used to further investigate various problems
associated with the growth curve models. In particular, they can be used to study various algebraic
and statistical properties of estimators under the growth curve models. Some recent results on the
weighted least-squares estimators of the parameter matrix ®, the mean matrix X;®X, and the linear
transformation Ky ®Kj under the general growth curve model in (1.1) can be found in Tian and Takane
(2007).

Finally, we propose an open problem on the estimability of the linear transformation K;@®Ks: In
order for a given linear transformation K;®K5 to be estimable under (1.1) what are the possible restric-
tions that are need to impose to the parameter matrix © in (1.1)?
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